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RATE TYPE

Athanasios E. Tzavaras

Dedicated to John A. Nohel on his 65t* birthday

1. Introduction

The intent of this article is to study the behavior of solutions (v(z,t),u(z,t)) of the
system of differential equations

V=04 (1.1)
Ut = Vg (1.2)
where
o=r71(u)vy (1.3)
with 7(u) a smooth function satisfying
r(u) >0 , 7'(u)<0 (1.4)

and n a positive parameter. Equations (1.1 - 1.3) give rise to a coupled system of par-
tial differential equations in one space dimension. They are supplemented with initial
conditions

v(z,0) =vo(x) , u(z,0)=up(z), (1.5)

and, as a consequence,
' o(z,0) = oo(z) := 7(uo(z))vg.(z), (1.6)

and with boundary conditions that are discussed later.
To gain some perspective on the problem, note that, if n = 0, (1.1 - 1.3) leads to the

pair of conservation laws
v = 1(u):

(1.7)

If 7'(u) > 0 then (1.7) is hyperbolic; however, under (1.4), the system (1.7) is elliptic and
the initial value problem is ill-posed. Nevertheless, it admits an interesting class of special
solutions

U = Vg

oz,t) =1z
u(z,t) =t + ug,

where ug is an arbitrary constant. Equations (1.1 - 1.3) with n > 0 can be thought as a

particular regularization of (1.7). T
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A motivation for studying this problem stems from a program of understanding the
phenomenon of shear band formation at high strain rates. Shear bands are narrow regions
of intensely concentrated shearing deformation that are observed during the plastic de-
formation of many materials. The occurrence of shear bands is typically associated with
strain softening type response, past a critical strain, of the measured average shear stress,
X(t) versus the measured average shear strain,U(t); that is, £ = 7(U), where 7(-) is in-
creasing up to a certain critical strain and decreasmg thereafter, Various mechanisms and
associated continuum thermomechanics models, often depending on the particular context,
have been proposed for the explanation of shear bands,(see Shawki and Clifton [15] for an
excellent survey of the related literature).~An underlying common feature of several models
is that they are regularizations of an ill-posed problem, or that the assoc1ated hnearlzed
problem exhibits growth of high frequency modes, - RV ;

The model employed here describes the plastic shearing of an infinite plate of unit
thickness subjected to either prescribed tractions or prescribed velocities at the boundaries.
In this framework, v(z,t) describes the velocity field in the shearing direction, o(z,t) stands
for the shear stress and u(z,t) for the plastic shear strain. Equation (1.1) describes the
balance of linear momentum, while (1.2) is a kinematic compatibility relation (note that
elastic effects are neglected); (1.1) and (1.2) are taken over (z,t)€[0,1] x {t > 0} and are
supplemented with the boundary conditions
. : (o 4 A
' { a(O t)—l 0(1 t)—l , t>0, (1.9)s

in case the shearing deformation is caused by prescribed tractions at the boundaries, or
v(0,t)=0,v(L,t)=1 , t>0, (1.9

in the case of prescribed velocities. The constitutive law (1.3) is appropriate for a material
exhibiting strain softening, as manifested in (1.4), and strain rate sensitivity, the strength
of which is measured by the parameter n. Qur objective is to use (1.1 - 1.6), (1.9) as a
test problem to analyze the competition between the destabilizing effect of strain softening
versus the stabilizing effect of strain rate dependence.

Technically, the model (1.1 - 1.3) belongs to the class of isothermal viscoelasticity of the
rate type (for general information on the mathematical theory of viscoelasticity the reader
is referred to Renardy, Hrusa and Nohel [14]). Metals, in general, exhibit strain hardening
in isothermal deformations. However, an increase in temperature causes a decrease in the
yield stress, so that in an adiabatic deformation the combined effect of strain hardening
and thermal softening may deliver eventually a net softening. Thus, although (1.1 - 1.3) is
a model in the framework of isothermal mechanical theories, thermal effects are implicitly
taken into account through the hypothesis of strain softening . One of our goals is to
reveal similarities in the structure and predictions of (1.1 - 1.3) as compared to related
models incorporating thermal effects that have been studied recently in the mathematical
literature [7, 17, 19, 2, 1].

We emphasize that the spirit of this study is not to recover solutions of (1.7)-(1.4) as
n — 0 limits of solutions of (1.1 - 1.4). Rather the rational here is the converse. Because
of the inherent instability induced by strain softening , it has been postulated that higher
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order effects, such as strain-rate dependence, play an important role and cannot be ignored
(cf. (11, 21}). Apart from some previous investigations using (1.3) for n = 1 [18, 2], other
types of rate dependent constitutive relations have been used to analyze shear bands (e.g.
Wu and Freund [21]), as well as strain-gradient dependent constitutive laws (e.g. Coleman
and Hodgdon [5]). There is a very extensive mechanics literature on the subject and the
reader is referred to [21, 11, 20, 15] and references therein.

From an analysis point of view, equations (1.1 - 1.3) give rise to a coupled system
consisting of a parabolic equation in v coupled through the diffusion coeffient with (1.2) (cf.
(3.1)). As the material is being sheared, under the effect of (1.9), the diffusion coefficient
is decreasing. It is conceivable, that if the decrease is too rapid and/or nonuniform in
the space variable, the diffusion may not be able to stabilize the process. To analyze
this competition, it is helpful to recast (1.1 - 1.3) into an equivalent formulation of a
reaction-diffusion system (cf. (3.4 - 3.5)).

In Section 2 we pursue an existence theory of classical solutions for a coupled system
of partial differential equations (cf. (2.1 - 2.3)) that includes (1.1 - 1.3). This system also
includes certain more general models in viscoelasticity with internal variables, as well as
some models incorporating thermal effects that are used for the analysis of shear bands
[15. 19]. Motivated by the problems under consideration, the main objective is to identify
a minimal set of a-priori estimates sufficient for continuation of solutions. The existence
theory is done in Schauder spaces and the main ingredient is an application of the Leray-
Schauder fixed point theorem. The results are summarized in Theorems 2.4 and 2.5. For
existence theories of weak solutions in structurally related systems the reader is referred
to Charalambakis and Murat [3] and Nohel et al. [12].

In Section 3 we take up the problem (P)gs consisting of (1.1 - 1.6) with stress boundary
conditions (1.9)s. Using the results of Section 2 together with the special structure of the
system, it is shown in Theorem 3.2 that solutions of (P)gs are globally defined if and only if
the integral fl°° 7(€)=d€ diverges. Morcover, the evolution of solutions of (P)s is studied
under various assumptions for the constitutive function 7(u). Below, we summarize the
outcome of the analysis for the special case of a power law

1
g = u—mv;‘ (110)

with parameters m, n positive. The parameter region is decomposed into three distinct
subregions 0 < & < %, % < 2 < 1and & > 1, across which the response changes
drastically:

(1) In the region 0 < 2 < % solutions of (P)g are globally defined and, as ¢ — oc. the shear
stress o(r,t) is attracted to the constant state ¢ = 1 while u(x,t) behaves asymptotically

as a function of time.

(11) In the region % < 2 < 1 the constant state 0 = 1 loses its stability and nonuniformities

in the strain persist for all times.

(iii) Finally. in the region Z > 1, u(r,t) becomes infinite in finite time.

For 2 > 1 we exhibit initial data for which the corresponding u(z,t) develops nonunifor-

mities around r = 0 and r = 1 and looks like two shear bands located at the boundaries.
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The analysis of Section 3 is effected by means of comparison principles for (3.4) and energy
estimates for (P)s.

For a power law (1.10) the system (1.1 - 1.2) is invariant under a family of scaling
transformations. In Section 4 we take up the problem (P)y consisting of (1.1 - 1.2), (1.10)
and velocity boundary conditions (1.9)v, and introduce a change of variables motivated
by the scaling property. The resulting system (4.20 - 4.22) admits positively invariant
rectangles of arbitrary size. Using this observation together with energy estimates for
(P)v, it is shown in Theorem 4.1 that, if m < min{n, 1}, every solution of (P)v converges
to the uniform shearing solution (1.8), as ¢ — .

2. Existence Theory and Regularizing Effect for a Coupled System

We consider the initial-boundary value problem consisting of the system of quasilinear
partial differential equations

agv = 5,w (21)
O = f(z,u,v,;) (2.2)
for (z,t)eQr :=(0,1) x (0,T), T > 0, where
w=@(r,u,v,.), (2.3)
with boundary conditions
v(0,t) = v(1,t) = 0, 0<t<T, (2.4)y
or
w(0,t) = w(1,t) =0, 0<t<T, (2.4)s
and initial conditions
U(.’L‘,O) = vO(I) ) ‘U.(.E,O) = uo(ll?) ’ 0 <z <1 (25)
as a consequence of (2.3) and (2.5),
w(z,0) = wo(z) = @(z,ue(z), vos(z)). (2.6)

The functions v(z,t), w(z,¢) are real valued, while u(z,t) stands for an R¥-valued func-
tion, all defined on @ = [0,1]x[0, T]. The given functions f(z,p,q): [0,1]. R¥ xR — RN
and ¢(z,p,q) : [0,1) x RV x R — R are assumed to be smooth with respect to all their
arguments (the hypothesis f and ¢ of class C? suffices for all that follows). In addition
for each fixed (z,p) the function @(x,p,") is assumed to be strictly increasing and thus
invertible. Let 4(z,p,7) : [0,1] x RY x R — R be the inverse function. Inverting (2.3)
yields

vy = Y(r,u,w). (2.7)
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We seek solutions (v(z,t),u(z,t)) of (2.1 - 2.5) defined on @7, T > 0. Our specific
goals are to identify a minimal set of a-priori estimates that guarantee existence and
continuation of solutions up to time T > 0, and to study the regularizing effect that the
parabolic equation (2.1), (2.3) exerts on solutions.

To this end it is expedient to state an alternative formulation of the problem. The
initial-boundary value problem (2.1 - 2.5) is formally equivalent to the system of reaction-
diffusion equations

dw = a(z,u,w)d%w + b(z, u, w) (2.8)
atu = g(:t, uvw) (29)
with boundary conditions
w.(0,t) = w,(1,t) =0, 0<t<T, (2.10)v
or
w(0,t) =w(1,t)=0, 0<t<T, (2.10)s
and initial conditions
w(z,0) = we(z), u(z,0) = ue(z), 0<z<1; (2.11)

where

a(z,u,w) = @q(z,u, ¥(r,u, w))

b(z,u,w) = (‘Pp'f)(zsu’ Y(z,u,w)) (2.12)

g(z,u,w) = f(z,u,Y(z,u,w)).
Indeed, given any sufficiently smooth solution (v(z,t),u(z,t)) of (2.1 - 2.5) the pair
(w(z,t),u(z,t)) satisfies (2.8 - 2.11) as follows: Differentiating (2.3) with respect to ¢ and
using (2.1), (2.2), (2.7) and (2.12) leads to (2.8); (2.2) and (2.7) yield (2.9); the rest are
clear. Conversely, if (w(z,t),u(z,t)) is a classical solution of (2.8 - 2.12), define a function
v(z,t) on @Qr such that ‘

Vr = 1/)(1:’ ‘U,,U))

V = Wg

(2.13)

and v(z,0) = vo(z), 0 < £ < 1. Since ¥(z,p,") is the inverse function of ¢(z,p,-), the list
of relations
¢(z,p,¥(z,p, 7)) =T
wq(z,p,¥(z,p,7))¥r(z,p,7) =1 (2.14)
‘Pp(xvpv¢(xvp9r)) + ¢q(I,P-¢(IsPs T‘))l/)p(JZ,p,T) = O

holds, and the compatibility of (2.13) amounts to (2.8) via (2.9) and (2.12). Moreover,
(v(z,t),u(z,t)) satisfies (2.1 - 2.5).

Our strategy is to first prove an existence theorem for classical solutions of (2.8 -
2.11), in Schauder spaces, using the Leray-Schauder fixed point theorem ([10]). This, in
turn, yields an existence theorem for the equivalent system (2.1 - 2.5) provided the initial
data are sufficiently smooth. The smoothness assumptions are then relaxed by means of
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density arguments. In the sequel |-| will stand for both the absolute value and the Euclidean
norm in RY. Also, || - |lg,8/2(| - la) Will denote the usual Schauder norms (cf. [8,9]) in
CHBI12(Qr)(C2[0,1]) or [CPP/2(QT)] N ([c=l0,1]] N). The meaning of these symbols will
be apparent from the context.

The possibility that (2.1 - 2.5) (or (2.8 -2.11)) admit globally defined solutions for
general nonlinear functions can be ruled out by considering special cases when the system
decouples. To ensure global solvability one could place certain growth restrictions on the
functions f and ¢ (or a, b and g). Rather than doing this, we assume that solutions of (2.1
- 2.5) or (2.8 - 2.11) satisfy certain a-priori estimates, namely:

For fized T > 0 there are positive constants u and M, depending on norms of the initial
data and T, such that any classical solution (v(z,t),u(z,t)) of (2.1 - 2.5) on Qr satisfies

lw(z,t)]| < M , lu(z,t)| < M (2.15)

and
ooz, u(z,t),v.(z,t)) > >0, (2.16)

for (z,t) e Qr; correspondingly, if (w(z,t),u(z,t)) is a clussical solution of (2.8 - 2.11) on
Qr, then (2.15) and
a(z,u(z,t),w(z,t)) >2pu>0 (2.17)

hold for (z,t)eQr.
The objective is to reveal (2.15 - 2.17) as a “minimal” set of a-priori estimates sufficient for
continuation of solutions in some appropriate function classes. Although uniform parabol-
icity, embodied in (2.16) or (2.17), is not in general necessary for well-posedness, in light of
the phenomena under consideration and for technical simplicity solutions will be continued
up to the first time that uniform parabolicity fails. For the models at hand (2.15 - 2.17)
are established in Sections 3 and 4. Finally, it is shown in Lemma 2.3 that, under natural
restrictions on the initial data, (2.15 - 2.17) always hold provided T is sufficiently small.
The first goal is to prove an existence theorem for (2.8 - 2.11). For this the initial
data are taken smooth

wo(z) e CT+[0,1], ug(z) € [C*[0,1]] ", (2.18)
for some 0 < a < 1, and compatible with the boundary conditions:
wo,(1)=0,71=0,1, (2.19)y
in case (2.10)y applies, or
wo(i) = 0, a(¢, uo(7), 0)worz(2) + b(z,ue(),0)=0,¢=0,1, (2.19)s

in case (2.10)s applies. We prove:

Theorem 2.1. Let (wo(z), uo(z)) satisfy (2.18), (2.19) and assume that the a-priors
estimates (2.15) and (2.17) hold for some T > 0, with M and u positive constants
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depending at most on ||wol|2+a; ||uo]la and T. There ezists a unique solution
(w(z,t),u(z,t)) of (2.8 - 2. 11) on Q7 such that w, we, wy, wz are in C**/2(Q7)

and u, u; are in [C**/2(Qp )]

Proof. The proof of uniqueness is lengthy but routine and it is omitted.

In view of (2.15) and (2.17), the triplet (z,u(z,t), w(z,t)) takes values in the set
E = {(z,u,w)e[0,1] x RN x R : |u| < M, |w| £ M, a(z,u,w) > p}. By modifying,
if necessary, the functions a, b and g outside some open set containing E, it is assumed
for the existence part of the proof that all the functions involved are bounded, globally
Lipshitz and, wherever appropriate, with globally Lipshitz derivatives. Moreover, that

a(z,p,r) 2 5 >0 (2.20)

for (z,p,r)€[0,1] x RN x R. All bounds and Lipshitz constants depend only on M and p.
For the remainder of the proof ' will stand for a generic constant that can be estimated
solely in terms of M, yu and T.

We work with the boundary conditions (2.10)g; the boundary conditions (2.10)y are
treated similarly. Let B denote the Banach space

B = {w(z,t)eC?*/}(Qr) : w(0,t) = w(1,t) =0,0< t < T} (2.21)
and let C stand for the closed subset of [C##/2(Qr)] N

C = {u(z,t)e [Cﬂ'ﬁ/Q(QT)] N, u(z,0) = ue(z), 0 <z < 1}. (2.22)

For our purposes 8 = min{a, 1}. Define the map 7 : B — C that carries W(z,t)€eB to
U(z,t) the solution of the family of initial value problems

Ut =g(.l‘,U,W(.’E,t)) J

0<z<1,0<t<
i (2.23)
U(:IZ,O) =UO(.’L') ’ 0 S <1.

Also, for X €[0, 1] define a second map S : [0,1] x BxC — B which takes (A, W(z,t),U(z,t))
to w(z,t) the solution of the initial-boundary value problem

we = ax(z,U(z,t), W(z,t)wey + Ab(z,U(z,t), W(z,t)) + (1 - AN)F(z),
w(0,t) =w(l,t)=0 , 0<t<LT, (2.24)
w(z,0) = wo(z) , 0<z<1,
where ax(z,p,r) := Aa(z,p,r)+ (1 = A)§ > &, by (2.20), and F(z) := —Swo..(7).
Given the maps 7 and S, construct the composite map P : [0,1] x B — B which

carries A e[0,1], WeB to

= PO W) = SO\ W, T(W)).

~
to
[S]
(@1
~—
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Observe that if w(z,t)eB is a fixed point of P(1,-) and u(z,t) the corresponding solution
of (2.23), then (w(z,t),u(z,t)) satisfies (2.8 - 2.11) on @r. Our objective is to demonstrate
that the map P fulfills the hypotheses of the Leray-Schauder fixed point theorem (for a
formulation see [10], also [6]). To this end, certain properties of the maps 7 and S are
recorded below.

First consider the map 7 : B — C. Since g is bounded and globally Lipshitz, the
standard theory of ordinary differential equations implies that given any W (z,t) e B there
is a unique solution U(z,t) of (2.23) defined on [0,1] x [0,T] and such that

[U(z, )] + [Ue(z,t)] < K. (2.26)

Moreover, by first integrating (2.23); for two distinct points z;, z2 in [0, 1] over [0,¢], 0 <
t < T, and then estimating the difference using Gronwall’s inequality, we deduce with the
help of (2.26)

IUIs,872 < Ka(lwola + [Wlig,e/2 +1)- (2.27)

Next, consider the map S : [0,1] x B x C — B. The classical Schauder theory for
parabolic equations [8, 9] implies that, given any triplet (A, W,U)€[0,1] x B x C, there is
a unique solution w(z,t) of (2.24) on Qr belonging to C?*+#1+8/2(Qr) and satisfying

lwll24s,872 < Ai(lwolosa + |Wligs/2 +IUNl3.872 +1)- (2.28)

The constant A; can be estimated solely in terms of |W||3 4/2, |Ull8,8/2+ &, M and T.
Finally, consider the map P : [0,1] x B — B. P is well defined by (2.25). Also:
(1) For any fized M €{0,1], P(X,:) : B — B is compact and continuous.
Since the injection C*+#1+8/2(Qr) — CPP/?(Qr) is compact, (2.27) and (2.28) imply
that P(),-) is a compact map. Let {W,} be a convergent sequence in B, W,, — W in
CPP/2(Qr); consider w, = P(A, W,). Since P(},-) is a compact map, along a subsequence
wn, — w in CPP/? (in fact in C2HF1+F'/2 for any B' < B). One easily shows that
w = P(A, W). Since P(},) is single valued, w, — w along the whole sequence and P(A,-)
is continuous.
(i1) For any bounded subset K of B, the family of maps P(-,W):[0,1] — B,
W ek, 1s uniformly equicontinuous.
Let K be a bounded subset of B. Fix W eK. For U = T(W) and A, pin [0, 1], let wa, w, be
the respective solutions of (2.24). Note that wy = P(A, W), w, = P(p,W). The difference
wy — w, satisfies the parabolic equation

(wa —wp)e = ax(z,U(z,t), W(z,t))(wr — wp)zz
+ (A= p)[a(z,U(z,t), W(z,t))w,,. + b(z,U(z,t), W(z,t)) - (gw,,u +F(2))],
(2.29)
with boundary conditions (2.24); and initial condition (wx — w,)(x,0) = 0. The Schauder
estimates imply that

lwx = woll24g,14p/2 < A2lA - P|{||wp”2+ﬂ,l+ﬂ/2 +11Wllg,8/2 + 1Ulls.8/2 + [wolz+a + 1} ’
(2.30)




with A, a constant as in (2.28). Combining (2.27), (2.28) and (2.30) we arrive at

lwx — wpll2+p,1+872 < As|A = pl (2.31)

with A; depending only on K, the initial data, y, M and T. Thus P(-,W), WeK is a
uniformly equicontinuous family of maps.

(i) P(0,-) has precisely one fized point in B.
For A = 0, (2.24); becomes the heat equation, (2.23) and (2.24) decouple, and (2.24) has
a unique solution in B.

(iv) Any fized point in B of P(A,-),0< A <1, is contained in some bounded
subset K of B.

Let w e B be a fixed point of P(A,-). Set u = 7 (w). Then (2.27) implies

_ N
ue [Cﬁ'ﬂ/z(QT)] , and (2.26) now reads
e, O] + udz )] < Ks  (2,8)eQr. (2.32)
By (2.27) and (2.28), w e C?*+A:1+8/2(Q 1) and satisfies
wy = ax(z,u, w)we + Ab(z,u,w) + (1 - A)F(z) (2.33)

on Qr with boundary and initial conditions as in (2.24). Since b is bounded, the maximum
principle yields

lw(z,t)] < sup |wo(z)|+ Ks+ (1= NT sup |[F(z)|, (z,t)eQr. (2.34)
0<z<1 0<z<1

Next, we multiply (2.33) by %, integrate by parts over [0,1] x [0,t], and use Schwarz’s
inequality to deduce

S 1 1
/ / widzdr + / wl(z,t)dz < K51 + / wl (z)dz + (1 = A)? sup |F(z)]*] =:C2.
0o Jo 0 0 0<z<1

(2.35)
Using (2.35) we obtain
lw(z,t) — w(y, t)] < Clz —y|'/%. (2.36)
Also, for fixed é§ > 0 the calculus inequality
z+6 F ) t
26fu(z,t) - w(z, 1) < [ jola,8) ~ i ldy+ [ | [ wilvs)dsldy
r—4§ z-8 T (237)

+6
+/ lw(y, 7) — w(z, )|dy
r—96

holds. We estimate (2.37), using (2.36) and (2.35), and in the resulting inequality we set
§ = |t — 7|*/? to arrive at

lw(z,t) — w(z, )] < 3C|t = 7|'/*. (2.38)
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On account of (2.34), (2.36) and (2.38), any fixed point w eB is contained in a bounded
set of C1/2:1/4(Qr), and, since f = min{a, 3}, also in a bounded set of B.

The map P fulfills the hypotheses of the Leray-Schauder fixed point theorem. Thus,
the map P(1,-) has a fixed point in B. If w e B is such a fixed point and u = 7 (w), then
(w(z,t),u(z,t)) is a classical solution of (2.8 - 2.11) on [0,1] x [0, T]. g

We collect in Lemma 2.2 certain a-priori estimates for solutions of (2.8 - 2.11) that
serve as a starting point to develop an existence theory for the system (2.1 - 2.5). Estimates
(2.41) capture the regularizing effect of the parabolic equation (2.8).

Lemma 2.2. Let (w(z,t),u(z,t)) be a classical solution of (2.8 - 2.11) on Qr satisfying
(2.15) and (2.17). Then

ollys < €0+ [ whi(e)ds), (2.39)

1
lulloa < € U [ ud(@)de +lulo). (2.40)
0
where 8 = min{a, %} Moreover, for any z,y€[0,1], s,7e[t,T) with t >0

oz, ™) — w(y, )| < %u g2
3C,

lw(z,7) — w(z,s)| < 7£-|T - s|1/4 .

(2.41)

The constants Cy, C and C3 above depend only on p, M and T.
Proof. Estimate (2.39) is a direct consequence of (2.34) and (2.35) with A = 1, together
with (2.36) and (2.38); (2.40) follows by combining (2.27) with (2.39).

To show (2.41), first multiply (2.8) by Z(}._y;_w) and write the resulting identity in the
form

0 /‘” —i—df +w? = (ww;), + €. (242)

wb(z,u,w) o, / fau(a:,u,f)d
wo(z) a(:c,u,é)

a(z,u,w) wo(z) (& 4, &)

In view of (2.77), we may assume that (2.20) holds. Integrating (2.42) over [0, 1] x [0.¢],
0 <t < T, and using (2.9), (2.10), (2.15) and (2.20) we obtain

t 1
/ / widzdr < K. (2.43)
0o Jo

Next, mr-'tiply (2.8) by —%— and integrate by parts over [0, 1] x [0, ¢]; by estimating the

a(r,u,w)
resulting identity via (2.15), (2.20), Schwarz’s inequality and (2.43) we conclude that

t 1 1
/ / rw?(z,7)drdr + t/ wi(z,t)dr < K. (2.44)
o Jo 0
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K, and K depend only on g, M and T. The derivation of (2.41) from (2.44) is similar to
the derivation of (2.36) and (2.38) from (2.35); in (2.41) C3 = VK. g

Lemma 2.3 guarantees that the a-priori estimates (2.15) and (2.17) required in the
hypotheses of Theorem 2.1 are always valid for T sufficiently small.

Lemma 2.3. Let (w(z,t),u(x,t)) be a classical solution of (2.8 - 2.11) defined on
[0,1] x [0,T*), for some T* > 0.
(a) Suppose that

my = 0rsnﬂigl1 a(z,uo(z),wo(z)) > 0. (2.45)
Then given any positive constants pu, M with u < m,, there is T < T* depending on pu, M
and the L™°-norm of wqgz. such that

lw(z,t) —wo(z)| < M, (2.46)
lu(z,t) —uo(z)| < M (2.47)
and (2.17) hold for (z,t)eQr.
(b) Suppose that, in addition,
my = 012131%1 a(z,ue(z),r) >0, (2.48)

wo_SrchH_
where wo— = inf we(z), wo+ = sup we(z). Then given any p, M, M_, M, with
0<zL1 0<z<1
O<pu<mey,M>0 M_ < wy— < wey < My, there is T < T* depending solely on
p, M, M_ and My such that (2.17), (2.47) and

M_ <w(z,t) < M, (2.49)

hold for (z,t)eQr.
Proof. Let W = w —wy, U = u —ug. Then (W(z,t),U(z,t)) satisfy on [0,1] x [0,T*) the

differential equations
We— A(z, U, W)W, = A(z,U, W)wo,(z) + B(z,U, W) (2.50)

U, = G(z,U, W) (2.51)

with boundary conditions (2.10) and initial conditions W(z,0) =0, U(z,0) = 0, for
0 < z < 1; the functions A, B and G relate to a, b and g through formulas of the format

A(z,U, W) = a(z,uo(x) + U, wo(z) + W). (2.52)

First consider part (a). Since a, wo and ug are continuous, (2.45) and (2.52) imply
that there is p > 0 so that if 0 < z < 1, |U| € p and |W| < p then A(z,U,W) > p > 0.
Sct k = min{p, M}. To completc the proof of part (a) it suffices to show: Thereis T < T*
such that for (z,t) e @ the triplet

(2,U(z,), W(z,t)) e Ey := {(z, U, W)e[0,1] x R¥ x R: |W| <k, |U|<k}. (2.53)
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Then (2.17), (2.46) and (2.47) follow from (2.52) and (2.53).
Clearly (2.53) holds on Q. for some 7 sufficiently small. Moreover so long as (2.53)
holds, the maximum principle for the parabolic equation (2.50) gives the bound

W(z,t)] < Fit (2.54)

where F; = sup |A(z, U, W)wgzz(z) + B(z,U,W)|. Also, if G; = supIG(z U,W)|, then
(2.51) together with Gronwall’s inequality yield

|U(z,t)| < Git. (2.55)

Finally, (2.54) and (2.55) imply that (2.53) holds on Qr, for any 0 < T < T* with
T < min FLL’G% . Since F) depends on the L*-norm of wg;,, the resulting T will

exhibit the same dependence. Under the stronger hypothesis (2.48) this dependence can
be avoided.

Consider now part (b). By virtue of (2.48) and the continuity of a and uy, there are
P, P—, p+ with p > 0 and p_ < wo— < wot < p4 such that 0 < z < 1,|U] < p and
p- < w < py imply a(z,ue(z) + U,w) 2 p > 0. It now suffices to show that there is
T < T* such that for (z,t) e Qr the triplet

(z,U(x,t), w(z,t))eEy :=[0,1] x {UeRN : |U| < k} x [k, k4]; (2.56)

here k = min{p, M}, k_ = maz{p_,M_}, ky = min{p4, M4} and k- < wo— < woy <
k.
Let By = sup maz {0, b(z,ue(z) + U,w)} and consider the comparison functions
E

2
Wi(z,t) = £Bit — wo(z) + wox. On account of (2.50), so long as (2.56) holds, the
functions Wy satisfy the differential inequalities

O W_ — A(z, U, W)IPW_ < OW — A(z, U, W)F2W < 8, W, — A(z,U, W)W,
(2.57)
W_(z,0) < W(z,0) =0 < W,(z,0)

and, by (2.19), corresponding inequalities at the boundaries. Using comparison principles
for parabolic equations we obtain

—-B_t + wo- S w(x, t) S B+t + Wo+4 - (258)

Moreover, (2.51) yields
(U(xat)‘ S G2ta (259)

where G, = sup |g(z,u¢(z) + U, w)|. Finally, (2.58) and (2.59) imply that (2.56) holds on
E,

Qr, forany0 < T < T* with T < min{ "*B:’%, w°]9: =, Gz} ]
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Theorem 2.1 in conjunction with Lemmas 2.2 and 2.3 give rise to the following local
existence and continuation theorem for the initial-boundary value problem (2.8 - 2.11) in
Schauder spaces.

Theorem 2.4. Let wo(z)e C1*2[0,1], uo(z) e [C°[0, 1]]N satisfy the compatibility con-
ditions woz(0) = wo:(1) = 0 in case (2.10)v applies, or wo(0) = wo(l) = 0 in case
(2.10)s applies, and suppose that (2.48) holds. Then there ezists a unique classical solu-
tion (w(z,t),u(z,t)) of (2.8 - 2.11) defined on @ mazimal interval of ezistence [0,1]x [0, T*)
such that, for any 0 <7 < T < T*, w is in C**/3(Q7), u, u; are in [C°"°’/2(QT)]N and
Wwe, Wr, Wep are in C*/2([0,1) x [7,T)). In case T* < o0, as t T T*,

limsup sup ([u(z,t)|+ [w(z,t)]) = o (2.60)
11T 0<z<1
and/or
. . . — f)
hﬁql‘_nfoéngla(x,u(:c,t),w(a:,t)) 0. (2.61)

Furthermore, if wo(z)eC?t%[0,1] and the compatibility conditions (2.19) hold, then w,.
W, wez are in C*2(Qr) for any T < T*. If, in addition, uo(z)e [C1T(0, 1]]N, then
U, Ugt ATE I [C“'°/2(QT)]N for any T < T™,
Proof. We work with the boundary conditions (2.10)s; the case of (2.10)y is treated
similarly.

Let wo(z) e C1t[0,1], uo(z) e [C"’[O, 1]] N be given, satisfying the compatibility con-
ditions wo(0) = we(l) = 0 as well as (2.48). We proceed to establish a local existence

theorem for (2.8 - 2.11). First, construct approximating sequences {wpn} and {ug,} such
that wo,(z) and ugn(z) are C*-functions on [0, 1] satisfying (2.19)s, and, as n — co,

Won — Wo n CI[O, 1] y |w0n|1+a S I\’|w0|l+a (262)

Uon — Ug 1IN [C[O, 1]] N ,  |uonle £ Klugla (2.63)

with I\’ a fixed positive constant (for details of such a construction see [19]).
Consider the problem (2.8 - 2.11) with initial data (wo.(z),uga(z)). Referring to part
(b) of Lemma 2.3, let

My, = min{a(x,u0n(.r),r) :0< 2 <1, inf wou(z) <r< sup wo,,(.’t)} . (2.64)
0<z<1 0<z<1

Since (wo(:zr),uo(x)) satisfy (2.48) and u¢(z) is continuous, liminf m, > 0. By throwing

n—oo
away a finite number of terms, if needed, we may assume that mg := inf m, > 0. Fix
n
p, M, M_ and M4 such that M_ <inf inf won(z) <sup sup won(z) < My,
n 0<:<1 n 0<z<1
M >0,0 < g < mg. Theorem 2.1 in conjunction with Lemma 2.3 imply that for each
n = 1,2,... tlere is a classical solution (w,(z,t),u.(z,t)) of (2.8 - 2.11) defined on

[0,1] x [0, T,], with smoothness as in Theorem 2.1, and corresponding to the initial data
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(wo,.(m),uo,,(x)). Moreover, Ty := ir,x‘fT,1 > 0, and on the domain QTO = [0,1] x [0, Ty] the

functions (wn(z,t), un(z,t)) satisfy the uniform bounds
[un(z,t) —uon(z)l <M , M_ Lwy(z,t) < M, (2.65)

and
a(z,up(z,t),wn(z,t)) > u>0. (2.66)

Using (2.62), (2.63), (2.65) and (2.66), relations (2.39) and (2.40) in Lemma 2.2 together
with (2.9) imply that on QT

lwallgs/z2 S K 5 |luallg,g/2 + [10wunllg,8/2 < K, (2.67)

where 8 = min{a, 1} and K is a constant independent of n.

Since the injection C##/2(Q1,) — Cﬂ"ﬂlﬁ(QTo) is compact for f' < B, (2.67) implies
that there are subsequences {wy'} and {un }, as well as functions w(z,t) and u(z,t), with
weCPB/Y(Qr,) and u, dyue [Cﬂ'ﬁ/z(QTO)]N, such that

Wp — W in Ca"ﬁ'/z(QTo)a

2.68

Up — U, atun’ — 3tu in [Cﬂ"ﬂl/z(Q_To)]N . ( )
Clearly (w(z,t),u(z,t)) satisfies (2.9), (2.10)s and (2.11). Using (2.68) together with
results on families of solutions of parabolic equations (cf. Friedman [8, Sec. 3.8)), it
follows that (w(z,t),u(z,t)) is a classical solution of (2.8). The stated regularity of this
solution is an outcome of the interior and boundary parabolic estimates (8, Sec. 4.7].
Uniqueness follows from a lengthy but routine argument that is omitted.

If wo(x)eC?*°[0,1] and satisfies (2.19)s then Theorem 2.1 implies that w¢, w, and
w,, are in C**/2(Q7,). Suppose that, in addition, ug(z) e [C*+°{0, 1]] o
isfles (2.9) with w, w, e C*°*/2(Qr,). Using standard theorems on continuous dependence
for ordinary differential equations, together with estimates in the spirit of the derivation
of (2..7), leads to u,, u € [C°'°/2(QTO)] N

Finally, Theorem 2.1 implies that the solution (w(z,t),u(z,t)) can be continued on a
maximal interval of existence [0,1] x [0,T*), such that either T* = o0, or at least one of
(2.60) or (2.61) occurs. g

Next, we turn to the initial-boundary value problem (2.1 -2.5). We assume that the
initial data satisfy

. Now u(z,t) sat-

vo(z) €C2+2[0,1], uo(z) € [C1¥2[0,1]] ¥, (2.69)
Mg = min{‘pq(x’UO(:x)v w(IaUO(m)sr) : 0 S T S 1a inf wO(x) <r .<_ sup wO(‘T)} > 0?
0<ri 0<z<1
(2.70)
where wo(z) is given by (2.6), and the compatibility conditions:
vo(0) =vo(1) =0 , wp,(0) = wo,(1) =0, (2.71)y
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in case (2.4)y applies, or
wo(0) = we(1) =0, (2.71)s

in case (2.4)s applies. We prove:

Theorem 2.5. Under the hypotheses (2.69 - 2.71), there ezists a unique classical solution
(v(z,t),u(z,t)) of (2.1 - 2.5) defined on a mazimal interval of exzistence [0,1) x [0,T*)
such that, for any 0 < T < T*, v, v, vy, Uy are in C""°’/2(QT) and u, Uy, Uz, Uz GTE N

[Ca,a/2(QT)]N. If T* < oo, then, as t T T*, at least one out of (2.60) or
llilqul,Pfoélngl‘Pq(x’u(xa t), vz (, t)) =0 (2'72)

occurs. Finally, w(z,t) = p(z,u(z,t),v:(z,t)) satisfies (2.41), where C; only depends on
mgo and the sup-norms of wqy and ug.

Proof. For concreteness, we treat the boundary conditions (2.4)s. Let (vo(z),uo(z))
satisfying (2.69), (2.70) and (2.71)s be given and define we(z) by (2.6). Consider the
problem (2.8 - 2.11) with a, b and ¢ defined by (2.12). Theorem 2.4 asserts that there is a
unique solution (w(z,t),u(z,t)) of (2.8 - 2.11) defined on [0,1] x [0, T*) and with regularity
as stated there.

Our objective is to define v(z,t) by (2.13) subject to the initial data v(z.0) =
vo(zr),0 < r £ 1. Then (v(z,t),u(z,t)) is a solution of (2.1 - 2.5). For v(z,t) to be
well defined it is at least required that, for each fixed z ¢[0,1], w.(z,-) is integrable. In
view of Theorem 2.4, to complete the proof it suffices to show that, for some 7 small,
wg, vy, v”eC"""/z(Q,), Uz, Uzt € [C"""/Z(Q_f)]N and also that (3.41) holds. This is ac-
complished by a density argument.

Consider approximating sequences {wg,} and {ug,}, consisting of C*°-functions on
[0,1], with {wg,} as in (2.62) and {u¢,} satisfying

Ugn — Ug in [CI[O, 1]] N N Iuo,,IH.a S K1|uo]1+a 5 (273)

as n — oc. Set vgn(z) = vo(0) + foI ¥(y, uon(y), won(y))dy and observe that

von = vo in C*[0,1] , [vonl2+a £ Ko(|volz+a + |uolita)- (2.74)
Let (wp(z,t),un(z,t)) and (va(z,t),u,(z,t)) be the corresponding solutions of (2.8 - 2.11)
and (2.1 - 2.5), respectively; vp(z,t) is defined by solving (2.13) subject to vna(z,0) =
von(z). Note that by uniqueness for (2.8 - 2.11), (2.68) and (2.13) imply that

wp = w, O;v, — ;v in C(Qr)

= (2.75)
Up — U in [C(QT)] N
for any fixed T < T*.
The functions v, and w, := J,u, satisfy the equations:
Own = An(x,t)aiv,, + B,(z,t) - wn + Cu(x, 1) (2.76)
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Bwn = Dy(z,t)wn + En(z,t)0%v, + Fu(z,t), (2.77)

where, on account of (2.66), (2.67) and (2.13);, the components of A, — F,, are uniformly
bounded in C**/2(Qr), and for n large An(z,t) > p for some g > 0. The Schauder
estimates for (2.76), together with (2.74), yield

”vn”2+a,1+a/2 < Ks[lvo|z+a + Juo)i4+a + ”wn”a,a/2 +1]. (2.78)

Proceeding as in the derivation of (2.27), (2.77) implies that on @, with0 < r < T
lwnlla,arz < Kallwoli+a + (7 + 71 7)|[02vn]layase + 1] (2.79)

The constants K3 and K4 are independent of n. Combining (2.78) and (2.79) we conclude
that, provided 7 + r1~% < ﬁ:, the estimate

“vn”2+a,1+a/2 + “wn"a,aﬂ < Ks(lvol2+a + [uoli+a + 1) (2.80)

is valid on Q.. Also, by virtue of Lemma 2.2, w,(z,t) satisfies (2.41).
Relations (2.80) and (2.75) give wy, v, € C**/2(Q.) and u e [C“""/z(Q,) . Also,

Up = Wy eCO{,&/?(Qr) and uze = fo+ fp - uz + fq r veze [Ca’a/z(Qr)]N- Finally, w(z,?)
satisfies (2.41). g

]N

3. On the Competition of Strain Softening and Strain Rate Dependence

The scope of this Section is to elucidate the competition between the destabilizing
influence of strain softening and the stabilizing influence of strain rate sensitivity and their
effect on the response of shearing motions. Also, to provide quantitative criteria that
determine which one prevails.

We use as a test case, the initial-boundary value problem consisting of (1.1 - 1.3),
namely

ve = (r(u)vg):
0<z<1,t>0 (3.1)
Uy =0y

with boundary conditions (1.9)s and initial conditions (1.5). The initial data are taken
smooth: wvo(z)e C?*+2[0,1], uo(z) e C1**[0,1], for some 0 < a < 1; compatible with the
boundary conditions: ¢¢(0) = 0¢(1) = 1; and satisfying the sign restrictions

up(z) >0, 00(z) >0 , 0<z<1. (3.2)

Henceforth, we will refer to this problem as (P)s. Recall that 7(u) is a smooth function
satisfying (1.4) and n is a positive parameter.

The theory developed in Section 2 implies the existence of a unique solution
(v(z,t),u(z,t)) of (P)s, defined on a maximal interval of existence [0, 1] x [0,T*), such
that v, v, vz, vz, 4, u, and u, are in C*°/2(Q7), for any T < T*. In addition, given
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any compact subset X of (0,0) x R, (o(z,t),u(z,t)) escapes K as t T T*, i.e., there are
sequences {z,} C [0,1] and {t,} with t, T T* such that (0(z,,tn), u(Zn,ts)) € K. The
identification of (P)s with (2.1 - 2.6) is done by setting w = ¢(z,p,q) = 7(p)g™ — 1.
(Although ¢ is not C? at ¢ = 0, it is C? when restricted to compact subsets of [0,1] x R x
(0, 00); this remark together with the results of Section 2 provide the above statements).

Our objectives are: (a) to characterize the class of functions 7(u) and parameters
n that guarantee global solvability for (P)s, and (b) to study the behavior of solutions
(v(z,t),u(z,t)) of (P)s.

To this end, it is expedient to use a different formulation of (3.1). Note that for
(z,t) € [0,1] x [0,T*), a solution of (P)s satisfies

o(z,t) > 0, ue(z,t) = vz(z,t) >0, u(z,t) > uo(z) > 0. (3.3)

A simple calculation, using (1.1 - 1.3), shows that (¢(z,t),u(z,t)) is a positive solution of
the reaction-diffusion system

(0%), =7(w)%o.e + %%%(a%)z (3.4)
Uy = a"L ; 3.5
o) (3.5)

on [0,1] x [0,T*). For this step and for the remainder of the Section we assume that
(v(z,t),u(z,t)) enjoys some additional smoothness, namely, vz¢, vrrz and u,, are in
C**/2(Qr), for any T < T*. Such solutions are generated if we take smoother initial data,
a hypothesis that can later be relaxed using density arguments (cf. Section 2). Integrating
(3.9), yields

S(u(z,t)) = ®(uo(x)) + /0 a""'(:zr, )T, (3.6)

where

d(u) = /1 ) (&) de. (3.7)

An important ingredient of the forthcoming analysis lies in estimating o(z,t) by means
of comparison principles (e.g. {13, Ch. 3, Sec. 7]) for the parabolic equation (3.4); in turn,
u(z,t) is estimated using (3.6). We state the comparison principle used as a lemma for
future reference.

Lemma 3.1. Suppose that for any T < T*, 04(z,t) and o2(z,t) are both in C'“(Q_T) with
oi(z,t) > 0 and o,(z,t) > 0, A(z,t) € C(Qr) with A(z,t) > 0 and B(z,t) € C(QT1). If.
forany T < T*,

Py i
(07 )i = A(z,t)0152 + B(z,8)(07)? < (67 ), — A(2,t)0222 + B(z,)(0F )%, on Qr,
01(i,t) < oa(iyt) , i=01,0<¢t<T,

gy(z,0) < ox(z,0) , 0Lz<1
(3.8)
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then

oi(z,t) <oy(z,t) , 052<1,0<t<T". (3.9)
In applications of the lemma, the functions A and B are taken respectively, 4 = r(u)* >0
and B= -1 5
n f(u)H' n

Our first theorem characterizes global solvability of (P)s in terms of the behavior of
®(u) as u — oo.
Theorem 3.2. Let (v(z,t),u(z,t)) be a classical solution of (P)s defined on a mazimal
interval of exzistence [0,1] x [0,T*). Suppose that 7(u) satisfies (1.4). Then:
(i) T* = oo if and only if P(0) = oco.
(i1) If T* < oo, then
lim sup u(z,t)=o0. (3.10)
t—T* p<z<1
Proof. Let (v(z,t),u(z,t)) be a solution of (P)s on [0, 1] x [0,T*), with T* maximal; let
o(z,t) be defined by (1.3). We estimate the solution in the interval of existence [0, 1] x
(0,T*).
Under hypothesis (1.4), any positive, concave function £(z) satisfies
1 1 TI(U.) 2
—T(U)" Tz — ;T—(u)l"'} w>0. (311)
If, in addition,
L(z) 2 00(z) , 0<z<1 (3.12)

then applying Lemma 3.1, with comparison functions ¢(z,t) and E(z), yields
a(z,t) < (z). (3.13)

First, we show (ii). Assume that T* < oo and at the same time u(z,t) is bounded
from above on [0,1] x [0,T*), i.e.,

uo- Sulzt) SUy <o0; (3.14)

here we used the fact that u(z,t) > 0inf<l ug(z) =: uo~. Let s(t) be the solution of the

initial value problem

d i 1,2
—sn + By(sn) =0
dt o(s*) (3.15)
s(0) = op- := oix:f;lao(x) ,
1 {79l

where By = Integrating (3.15), yields

max .
uo- <ESU4 n T(€)1+*

0p—

= >0. (3.16)
(1 + U(;'_Bot)

s(t) =
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On account of (3.15) and (3.4), the comparison functions s(t) and o(z,t) satisfy the
parabolic differential inequality (3.8) on Qr, for any T < T*. Using Lemma 3.1, we
deduce

s(t) L o(x,t). (3.17)

Estimates (3.12), (3.14) and (3.17) imply that (o(z,t),u(z,t)) remains in some compact
subset of (0,00) x R as ¢t T T*. But then the solution can be continued past T*, which
contradicts the assumption that T* is maximal and finite. Since u, > 0, we conclude that
if T* < 0o and maximal then (3.10) holds.

Next, we proceed to prove (i). Consider ®(u) defined for u € (0,00) by (3.7). ®(u)
is increasing and invertible with an inverse function ®~!(¢) defined for ¢ € ($(0), #(c0))
and increasing. In case $(oc0) = 0o, combining (3.6) and (3.13), we arrive at

u(z,t) < 71 (B(uo(x)) + =7 (2)t) . (3.18)

Then (3.14) holds for any Q@1 with T > 0 and, necessarily, if T* is maximal then T* = co.
By contrast, in case $(o0) < o0, (3.6) at z = 0 or z = 1 together with (1.9)s leads to

B(uli,t)) = B(uo(i)) +¢ , i=0,1. (3.19)

In turn, (3.19) implies
u(i,t) - 00 as t — T;, (3.20)

where T; = ®(c0) — $(ug(7)) < oo for ¢ = 0,1. Therefore, in case $(o0) < oo, T* <
min{T,,T,} < co. g

According to Theorem 3.2, the criterion for global solvability of (P)s is the divergence
of the integral floo T(f)'vl-'dﬁ =: ®(o0). Therefore, it is the decay rate of 7(u) as u — oo
that determines global existence for (P)s. The class of positive, decreasing constitutive
functions 7(u) can be decomposed into two categories, depending on whether ®(o00) is
finite or infinite. Roughly speaking, the dividing line consists of functions 7(u) that decay
to zero like the power u™".

Next, we restrict attention to functions 7(u) such that ®(oo) = oo (and thus T* = o)
and consider the asymptotic behavior of solutions (v(z,t), u(z,t)) of (P)s ast — co. In
case 7(u) = 79 a constant, o(z,t) is a positive solution of

e
(6%), =17 0z (3.21)

subject to the boundary conditions (1.9)s; thus o(z,t) — 1 uniformly in =z € [0,1] as
t — oo. The question is whether this behavior persists for positive and decreasing functions
T(u).

Two representative classes of functions r(u) are considered: Class (H1) consists of
functions that decay to a positive constant 7(c0) at a rate dominated by a power, i.e., for
some ¢ > 0 and a >0

(u) > 7(00) >0 0<—r'(u)§t—lc; , u>0. (H1)
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Class (H2) consists functions that decay to zero like a power, up to first order derivatives,
i.e., for some ¢ >0and m >0
11 c '(u)
-—< < — 0< -
cu™ — T(u) = uqm < T(’u)
Note that, to guarantee global existence for functions of class (H2), we assume 0 <m <n
so that $(c0) = co. Also, note that under hypothesis (H1),

IA

y u>0. (H2)

m
u

lim —uu-z = ‘r(oo)* , (3.22)

while, under hypothesis (H2) for0 < m < n

limsup ‘Ii(-.uz)L <00 , liminf % >0, (3.23)
u—o0o U n u—oo U n
and form =n ® o
lim sup (u) <oo , liminf (u) >0. (3.24)

u—oo fnu u—oo fnu

We prove:

Theorem 3.3. Suppose the function 7(u) belongs to either the class (H1) or the class (H2)
with 0 < 2 < 2. Let (v(z,t),u(z,t)) be a classical solution of (P)s on [0,1] x [0, 0),
corresponding to initial data (vo(z),uo(z)) with ug(z) > 0, og(z) >0 for 0 < z <1 and
00(0) = 09(1) = 0. Then, for any choice of the initial data in case 0 < n < 2 and under
restrictions for the data that are outlined below in case n > 2, the following hold: As

t — oo,

o(z,t) =14+ 0(t™7), (3.25)
u(z,t) N t
/ r()"df =t + O(/ s_ﬂds) (3.26)
uo (1) 1
™ v(z,t) = / " Yy + / | / Tl __dedy + 0(=7+) (3.27)
R S A A L .

uniformly on [0,1). In case (H1) holds B = a > 0 and v = 0, while, in case (H2) holds
0<fB=2220 <] and y= 2~

n-m’

Proof. Let (v(x,t), u(z,t)) be a classical solution of (P)s defined on Qo := [0, 1] x [0, oc).
Then (3.3) holds and (o(z,t),u(z,t)) satisfies (3.4), (3.5) on Qoo. We proceed to obtain
an initial a-priori estimate, independent of t, for o(z,t) using comparison principles. In
the sequel i will stand for a generic constant that can be estimated in terms of the initial
data and properties of the function 7(u).

Set —v(u) to be the quotient of the coefficient of the reaction term over the coefficient
of the diffusion term in (3.4)

1, () 1
7(“) - Tl( T(u) )T(u)z/" :

(3.28)
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If we can find positive functions S(z) and s(z) defined on [0,1] and satisfying for (z,t) €
@ the differential inequalities

— S ty(u(z,1))SY™ > 0

3.29
5() 2 oa(z) (3:29)
and y
“Orzx at " S 0 .
szz+7(u(z,1))s (3.30)
s(z) < ao(z),
respectively, then Lemma 3.1 implies
s(z) < o(z,t) £ S(x) (3.31)

for (z,t) € Q.
Next, we examine the possibility of finding such functions S(z) and s(z). Observe
that under hypothesis (H1),

K . .
0<v(u) L u—;- <K, , u2 oér;fguo(x) (3.32)

while, under hypothesis (H2) for 0 < 2 < -;—,

»

K R .
0<v(u) < ul‘—:ﬁl <Ky , u2 oérifg]uo(x)' (3.33)

Under either of (H1) or (H2), any concave, positive function S(r) satisfies (3.29);. More-
over, for any choice of the initial function o¢(z) > 0 there is a concave function S(z) such
that S(z) > oo(z), 0 < z < 1. Therefore, the right hand inequality of (3.31) is valid for
all values of the parameters and choices of the initial data.

Turn now to (3.30). If a positive function s(z) satisfies

—szz+70s5 <0 , 0<z<1, (3.34)

where vp = K in case (H1) holds or yo = K in case (H2) holds (0 < 2 < 7), then s(z)
also satisfies (3.30);. Consider two cases n < 2 and n > 2.

(1) If n < 2, the parametric family sq(z) = %(.1:2+1) satisfies the inequality (3.34) provided
a>0and a?~! < :r]_o' Given any (oo(z), uo(z)) both positive on [0,1], we fix o (which
depends on u¢(z)) and choose a sufficiently small so that sq(z) < oo(z) and (3.34) is
fulfilled for z € [0,1]. Then s,(x) satisfies (3.30), and the left hand side of (3.31) is
established.

(ii) If n > 2, a function s(z) satisfying (3.34) and (3.30)2 can only be found for restricted
choices of the data (oo(z), uo(z)). For instance, given oo(z) find the largest a > 0 such that
sa(r) = $(2? + 1) < g¢(z). With this a fixed, so() satisfies (3.34) provided 7o £ al~%.

In view of the choice of v and (3.32), (3.33), this imposes a restriction on uo(z) and/or
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the function 7(u). If these restrictions are satisfied then the left hand inequality of (3.31)
holds.

Henceforth, we restrict attention to the cases when (3.31) holds. Using (3.31), (3.6)
yields

}{l—t < ®(u(z,t)) — B(uo(z)) < Kst , t>0. (3.35)
5

Combining (3.3) and (3.35) with (3.22) or (3.23) we conclude that, under hypothesis (H1),
1
I\T(t +1) <u(z,t) < Ke(t +1), (3.36)
6
while, under hypothesis (H2) with 0 < 2 < Z,
I%—(t +1)77 < u(z,t) < K7(t +1)7== . (3.37)
7
In view of (1.1) and (1.9)s we have the following identity:

1d 1 1

5T /0 vidz + /; owzdr =0. (3.38)
Using (3.38), together with (3.4) and (1.1),

1d 1 ) 1 N N 1 Tl(u) O'H'"l\'
1d dz + / Lol-ky2 g =/ _ O pedz, 3.39
2dt/o vidz +n | r(u)~o “nvgdr | ( T(u))T(u)*vtx (3.39)

which, together with Schwarz’s inequality, implies

1d [, n ! 1 1 '(u) 201t%
ST A v,d:c+§/0 T(u)wol~ wv E-/ zdz. (3.40)

Also, the calculus identity

o:(z,t) = /01 o.(y,t)dy +/ /y (&,t)dE, (3.41)

together with (1.1), (1.9)s and Schwarz’s inequality lead to

1
Ao < [ e, (3.42)

Suppose first that (H2) holds and 0 < 2 <

2 < Then, combining (3.31), (3.37) and
the inequalities in (H2) with (3.40) and (3.42) w

rrive at the differential inequality

9’ ™

d ! 1 ~m. ! 2 3m_32n
E‘ / vfd:c + I—\,—(t + 1)_"‘"‘ / ‘U‘d.”l: < I\’g(t + 1) n=m (343)
0 8 0
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o< 2 < -;-, then integrating (3.43) we obtain

4m—2n
Nn=m ;

1
/ v¥(z,t)dz < Kot + 1) (3.44)
0

however, if 2 = -;-, then (3.43) does not provide any decay. Relation (3.44), in conjunction
with the Poincare inequality

1
(o(z,t) = 1) < / o2 (€, t)de (3.45)

and (1.1), yields (3.25) when (H2) holds.
When (H1) holds, the same sequence of steps using (3.36) and (H1) in the place of
(3.37) and (H2) lead to the differential inequality

d ', 1 !
—_— d 2 < K -2a )
dt/o vidr + 7R /0 vidz < Ra(t +1)7%%, (3.46)
which, once integrated, yields
1
/ v¥(z,t)dr < K5(t + 1)7%, (3.47)
0

Combining (3.45) and (3.47) we arrive at (3.25), in case (H1) holds.
To show (3.26), observe that (3.6), (3.7), Poincare’s inequality, (3.31) and (1.1) yield

/u“(fyt) T(E)*df - tl < /0‘ Ia*(zr,‘r) - 1|dr

o(z)
t 1 1/2
_<_I{14/ (/ vf(z,‘r)d.r) dr.
0 0

Using (3.48) together with (3.44) or (3.47) in cases (H2) or (H1), respectively, we deduce

(3.48)

(3.26).
Finally, the identities
1 1 x 1
_ ; ok (6.) |

et = [ oty + [ / e dedy (3.49)

and . .
[ oty = [ oatwrdy (3.50)

0

(by (1.1) and (1.9)s), together with Poincare’s inequality and (3.31) imply

1 1 prx 1 ! IO“% - ll
lv(z’t)—/(; vo(y)dy—/o /; ———T(u(ﬁ,t))%dfdyls o T(u)¥ dzx

< I ! 2 1/2 1 1 d
_4A15( v,dx) ( I).
0 0

7(u)*

(3.51)
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Using (3.47) in case (H1) holds, or (3.44) and (3.37) in case (H2) holds we arrive at (3.27).
.
Between the class of functions 7(u) satisfying ®(o0) < oo, for which solutions of (P)s
blow up in finite time, and the class of 7(u) satisfying (H2) with 0 < 2 < 1, for which
solutions of (P)s behave asymptotically like in (3.21) (cf. (3.25)), there remains a gap to
be analyzed For a power law
(u)=u™™ (3.52)

the gap corresponds to the powers § < 2 < 1.

In the sequel we consider the power law (3.52) with Z > % and analyze the behavior
of solutions of (P)s. Let (v(z,t),u(z,t)) be such a solution defined on [0, 1] x [0, T*); here
T*=+c0if 1 <2 <1and T* < +o0 if 2 > 1. The function o(z,t) satisfies (3.4) with
7(u) as in (3. 5"), while (3.6) yields

¢
w(z, )% =ue(z) "R + (1 - %z_)/ a*(:c,'r)d‘r , (3.53)
0
in case 2+ # 1, and
t
lnu(z,t) = lnue(z) + / a'}t'(x,'r)dr (3.54)
0
in case = = 1.

We examine the class of solutions of the differential inequality (3.29). Note that, by
virtue of (3.28), (3.52) and (3.3), for & > 2

Yu(z,t) = Tu(z, )R 2 Tuo(a)? 1 (3.55)

Then, Lemma 3.1 implies:

Lemma 3.4. Let T > % If S(z) i3 a smooth, positive function satisfying for z € [0,1]

~522(2) + 70(2)S7 (2) 2 0 (3.56)
S(z) 2 oo(z),
where vo(z) := Zuo(z)2® 71, then

o(z,t)<S(x) , 0<z<1,0<t<T". (3.57)

If 2 > 1, given any S(z) > go(z) > 0, (3.56) can be always satisfied by choosing
ug(z) > 0 appropriately. Namely ,

(3.58)

In particular, g¢(z) can be used as a choice for S(z) for restricted choices of uq(z).
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If 2 =1, then S(z) > oo(z) > 0 will satisfy (3.56) provided

1 S:z(z)
=2 . 3.59
In light of the above remark, we study the family of potential choices
Sa(z)=14az(z-1) , 0<z<1 (3.60)

where 0 < a < 4. Note that Sq(z) is convex and attains its minimum S,(3) =1-¢ > 0.
Also S,(z) — 1 uniformly on [0,1] as & — 0.
(a) Case = > 2

If the initial data (ug(z),o0(z)) are restricted so as to satisfy

oo(z) < Salz) , up(z) 2 uqe:= [%(T%a—f] e ,0<z<1 (3.61)

then Lemma 3.4, in conjunction with (3.58), implies
o(z,t) < Su(z) , 0€2<1,0<t<T". (3.62)

Observe that u, — 0 as a — 0.

Consider now the problem (P)s with initial data (og(z),ue(z)) = (Sa(z),uq), for
some 0 < a < 4. Let (o4(z,t),uq(z,t)) be the corresponding solution; it is defined on
[0,1] x [0,T*). Also,

Ool(z,t) £ Salz) =1+ az(z — 1) (3.63)

for (z,t) € [0,1] x [0,T*).
We consider three separate regions:

(1) -i; < ™ < 1: Here T* = +o0. In addition, (3.63) and (3.53) yield

-m

ua(z, ) < [ub® +(1 - %)Sé(z)t " (3.64)

for 0 <z <1,0 <t < oo. Note that, since S4(0) = S4(1) = 1, the boundary condition
(1.9)s together with (3.53) imply that (3.64) is in fact an equality at £ = 0 and z = 1.
A comparison of (3.25) and (3.26) with (3.63) and (3.64) reveals the drastic difference in
the behavior of solutions across the parameter values 2 = 1. In particular o4(z,t) does
not converge to 1 as t — oo, and spatial nonuniformities of the strain u(z,t) develop and
persist in time. This is the case no matter how close to the constant function 1 the initial

state S,(z) is. The diffusion is in this case too weak to uniformize the solution.
(i) & = 1: The situation is similar to part (i) with (3.64) replaced by

uq(z,t) < uaezp{Sa*(z)t} (3.65)
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by virtue of (3.54).

(iii) & > 1: Here T* < +co. The solution (04(z,t), ua(z,t)) satisfies on [0,1] x [0, T*) the
bounds (3.63) and

o m. i —Wew
ua(z,t) < |ug " — 1 - -;lS'&‘ (z)t . (3.66)

The bound on the right hand side of (3.66) blows up for the first time at the boundary
pointsz =0andz =1last — T, := F_I'T[u:'_%' Then (3.10) together with (3.66) imply

that T* > T.,. However, since S4(0) = So(1) = 1, (3.66) is in fact an equality at ¢ = 0
and z = 1 and thus T* = T,,. The function u,(z,t) blows up exactly at the boundary
points z =0 and z =1 as t — T, = T*; in blowing up it satisfies (3.66) and appears like
two shear bands located at the boundaries = 0 and £ = 1. Moreover, as t — T*, the
function o,(z,t) obeys the bound (3.63), while

o -as
Byug(z,t) = Byva(z,t) < 53 (2) [uf,‘ - %|s$(x)t] (3.67)

with an equality at z =0 and z = 1.

Note that in the above cases any 0 < a < 4 can be chosen. Also, by choosing other
types of functions S(z) in the place of (3.60), the nonuniformities that develop near the
boundary can be made very strong, at the expense of restrictions on the initial data (cf.

(3.58)).

(b) Case & = 2

If o small enough so that 2a < (1 — £) %, then S,(z) satisfies (3.59). Consider
initial data (Sa(z),uo(z)), with a small and up(z) > 0 but otherwise unrestricted. Let
(0a(z,t),ualz,t)) be the corresponding solution of (P)s; it is defined on [0,1] x [0, c0).
On account of (3.60) and Lemma 3.4, o,(z,t) satisfies (3.63) and the uniform state 0 =1
again loses stability, as is the situation in the case 2 > 1.

4. The Power Law and Scale Invariance

For the particular choice 7(u) = <&, the constitutive relation (1.3) takes the form of
the power law

o=—uvg (4.1)

1 n
ve=(Gmvs). (4.2)
Uy = Vg
and, correspondingly, (3.4 - 3.5) take the form
3 oy % B y21,R
(o7), =u"rno,, —u o (43)

m 1
Up=unon,
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The power structure of the system (4.2) induces the following scaling property: If
(v(z,t),u(z,t)) is a solution of (4.2) on R x (0,00) then (va(z,t),ur(z,t)), defined by

oa(z,t) = A%v(xx,r%t) (4.4)

ua(z,t) = A5 u(Az, A5 ), (4.5)

where A > 0 and 4, a are any constants with
—-m(a+6+1)+n(a+d)+a—-6+1=0, (4.6)

is also a solution of (4.2) on R x (0,00) ([16]). As a consequence
oa(z,t) = A5 o (A, A3 ), (4.7)

and (oa(z,t), uar(z,t)) satisfies (4.3) on R x (0,00) for any A > 0. Therefore the systems
(4.2) and (4.3) are invariant under the group of stretching transformations Ty s:

x—»Az,t—n\"'}t,vﬁ)\ﬁ'v,u—u\a ua——n\ —a 0<A< o (4.8)

with a, § constrained by (4.6).
The system (4.2) admits a special class of solutions describing uniform shearing

oz, t)=2z , iu(z,t)=t+ug. (4.9)

They correspond to initial data Tp(z) = z and @e(x) = uo, where ug is an arbitrary
positive constant. For the special choice ug = 0, (z,t) is a self similar solution under the
transformation Ty 5 with a = -6 = m=1

Consider now the initial-boundary value problem consisting of (4.2) on [0, 1] x {¢t > 0}
with boundary conditions (1.9)y and initial conditions (1.5). Suppose that the initial data
are smooth vg(z) € C?+[0, 1], uo(z) € C*[0, 1], for some 0 < a < 1, they are compatible
with the boundary data, and satisfy the sign restrictions oo(z) > 0, up(z) >0,0<z < 1.
We will refer to this problem as (P)y (including the assumptions on the initial data).

The existence theory developed in Section 2 implies that (P)y admits a unique clas-
sical solution defined on a maximal interval of existence [0,1] x [0,T*). Moreover, if
T* < 400, given any compact subset K of (0,00) x (0,00), (¢(z,t),u(x,t)) escapes K as
t1T*. Also, for (z,t) € [0,1] x [0,T*),

o(z,t) >0 , ulz,t)>0 , wu(z,t)>up(x). (4.10)

The uniform shearing solution (4.9) is a special solution of (P)y for initial data (z, uo).
Our objective is to study the stability of this solution. To this end we use a transformation,
motivated by the scaling properties of (4.2), to obtain a system that admits invariant re-
gions [4]. A similar idea has been independently pursued by Bertsch, Peletier and Verduyn
Lunel [1] for a related system.

We prove




Theorem 4.1. Suppose m < n. There ezists a unique classical solution (v(:c t),u(:c t))
of (P)v defined on [0,1] x [0,00) such that v, vz, Vs, Vaz, U, u, and ue are in C**/2(Q7),

for any T > 0. Moreover, if m < min{n,1}, as t = o0,
vo(z,t) =14 O(tP1)

w(z,t) =t + O(tP)

and

o(z,t) =t"™(1+ 0@t~ 1)),
uniformly on [0,1], with 8 = maz{2,m} < 1.
Proof. Introduce the transformations

v(z,t) = V(z,s(t))

u(z,t) = (t + DU(z, (1))
o(z,t) = (t +1)""Z(z, 5(1))

with
s(t) =fn(t+1),

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
(4.16)

(4.17)

which are motivated by the form of the uniform shearing solutions and the scaling invari-

ance (4.8). Relations (4.14 - 4.16) and (4.1) induce

r= -I-j—m-V"
Moreover, since (o(z,t), u(z,t)) satisfies (4.3) and
0.(0,t)=0,(1,t)=0 , t>0,
it follows that (Z(z,s),U(z, s)) solve the system of reaction-diffusion equations
Y, = ne(l_’")’U"%Zl—*E” - mﬁzjznf(S% - UI—%)
Uy, =UR (=% -U%),
subject to boundary conditions
£:(0,s)=%:(1,8)=0 , s>0
and initial conditions
S(2,0) = 0o(z) , U(z,0)=us(z) , 0<z<1.
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If 0 < & < 1, the theory of Chueh, Conley and Smoller [4] guarantees that (4.20)
admits positively invariant rectangles of arbitrary size in the first quadrant {(Z,U) € R?:
£ > 0,U > 0}. They are centered around the line & = U"~™ and look like in Fig. 1.

> _ \/
.2+____ -
b >SN S
1 1
I !
| 1
1 [
[ '
0 \
0 1] A
0 U. U, U

Fig. 1: Invariant regions for (4.20)

Given initial data ao(z) > 0, ug(z) > 0,let U—, U4, E_ and £ be the defining coordinates
of the smallest invariant rectangle containing (oo(z), ug(z)), 0 < £ < 1. Then

T-<Ez,8) <24, U-<U(z,s)SUs. (4.23)

In turn, (4.15), (4.16), (4.14) and (4.18) in conjunction with (4.23) yield

U_(t+1) <u(z,t) SUL(t+1), (4.24)
S_(t+1)"™ < o(z,8) S T4t +1)"™ (4.25)
SrUR < v, (x,t) S SIUF . (4.26)

The first implication of (4.24 - 4.26) is: For 0 < & < 1 the functions (o(z,t),u(z,?))
remain in a compact subset of (0,00) x (0,00) for any finite time. Thus T* = 4o0,
that is solutions (v(z,t),u(z,t)) of (P)v are globally defined. In addition (4.24 - 4.26)
provide preliminary information on the time evolution of solutions. They are supplemented
below with parabolic-type energy estimates to establish the stated asymptotic behavior.
In what follows K will stand for a generic constant that depends only on the data and the
parameters m and n.

Our first goal is to estimate the L2-norm of v;. To this end, differentiate (1.1) with
respect to ¢t and use (4.1) and (1.2) to obtain

1 m
n-1 n+1 [ Yrd
— — — —— . 24
Vet (umnvJr Vet = = Vs )z (4.27)
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We multiply (4.27) by v: and integrate by parts over [0, 1], using (1.9)v, to arrive at

1d [ 2 Ay d
5:1; A v ar +n A v r=m _‘_lv,,, T.

On account of (4.24), (4.26) and Schwarz’s inequality, (4.28) yields

d [ 1 !
—/ 2dr + —(t+1)™™ / vide < Ki(t+1)"™"2,
dt K, 0

Finally, combining (4.29) with the Poincaré inequality

1
vi(z,t) < / vi,(z,t)dz
0
we arrive at the differential inequality
d ! -m ! 2 —-m-2
a—t' d$+——(t+1) vidr < Ky(t +1) .
0

Integrating (4.31), we deduce

1 1 t
/ vi(z,t)dr < (/ vf(:c,O)da:)exp{—-j;-/ (s +1)"™ds}
0 0 11 Jo
¢ t
+K, / (s + 1)‘""'261:;){—}17— / (r+1)"™dr}ds.
0 Y1 Js
In case m < 1, L’Hopital’s rule implies

fi(s+ 1)~ Zexp{ 3 [, (7 +1)"™dr}ds
im
t=oo  (t41)"Zezp{ g fot('r +1)~™dr}

=1Nn;.
In view of (4.33), (4.31) yieldsfor 0 < m < 1

t
/ vi(z,t)dz < Ka(t +1)72
0

By contrast, if m > 1, (4.32) does not provide decay for the L%-norm of v;.

m =1 the decay rate depends on the coefficient K, in (4.31).
Equations (4.3)2 and (1.1) readily imply

- 1 [t
u'%(:c,t)u,(x,t) = u, z'z‘l(a:)*uo,(ac) + ;/ d*—‘(.r, vz, 7)dT.
0
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(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

Finally, if

(4.35)




Two cases are considered: (i) If n # 1, then, by virtue of (4.24), (4.25) and (4.34), (4.35)
yields

/ |uz(z,t)|dz < K3(t + )% + Ky(t+1)" /t('r+ 1)-9.1+m(/ X(z,7)dz) *dr
0 0
< Ks(t+1)7® + Ke(t +1)™.
(4.36)
(i1) If n = 1, then (4.35) reads
u” ™ (z, t)ug(z,t) = ug "(2)ugL(z) + v(z,t) — vo(z). (4.37)

Using (4.24) together with the maximum principle for (4.2); we arrive again at (4.36).
Combining (4.36) with the identities

1 1 z
u(:::,t)--‘/0 u(y,t)dy:/0 / uz(&,t)dédy
y

) . (4.38)
/ u(y, t)dy =t +/ uo(y)dy
0 0
we obtain (4.12).
Next, use the identity
nv';'lv” =u"v, + %u,v: (4.39)
in conjunction with (4.26), (4.24), (4.34) and (4.36) to deduce
/l |vee(z, t)ldz < K(t + 1)'"(/ 2(2,t)dz) /2 4 28 / |uz(z, t)|dz
0o o = T (4.40)
S I\'g(t + l)m -1 + I\lo(t + 1) n
Then (4.11) follows by virtue of (4.40) and the Poincare inequality
1
elet) =11 < [ Poas(ait)lde. (4.41)
0
Finally, to show (4.13), note that on account of (4.11), (4.12), as t — oo
v™(z,t) =14+ O0(tP1) (4.42)
w™(z,t) =t"™(14+ 0@t 1)), (4.43)

where § = maz{2,m} < 1. Combining (4.1) with (4.42) and (4.43) gives (4.13). g
To shed some light on the relevance of the constraint m < 1, consider the case 1 <
m < n and observe that (4.24) implies

U™t +1)"™ < u"™(z,¢) SUI™(t +1)"™. (4.44)
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Thus, the diffusion coefficient in (4.2); decays like (¢ 4 1)~™.
Consider the problem
ve = a(t)(vD): (4.45)
on [0,1] x [0, 00), subject to (1.9)y and v(z,0) = ve(z) with vy (z) > 0. The change of
variables

V(z,s(t)) = v(z,t) (4.46)
s(t) = /0 t a(r)dr (4.47)

suggests that V(z, s) satisfies
Ve = (V)2 (4.48)

subject to the same initial and boundary conditions. For a(t) = (¢t + 1)™™, we have:
Seo 1= tlirn s(t) is infinite for m < 1, but finite for m > 1. Also,
—00

tl_l‘n°1° v(z,t) = ‘Eer V(z,s). (4.49)

If oo = +00, then tlim v(z,t) = z; however, if s < +00, in general, this will no longer
— Q0

be true.
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